Abstract. We consider the equations u yy = u y u xx − (u x + u)u xy + u x u y and u yy = (u x + x)u xy − (u xx + 2)u y that arise as reductions of the universal hierarchy and rdDym equations, respectively, and describe the Lie algebras of nonlocal symmetries in infinite-dimensional coverings naturally associated to these equations.
Introduction
In a series of recent papers [2, 3, 1, 8] we studied symmetry and integrability properties of the four linearly degenerate 3D equations, [7] . In particular, in [3] we described 2D reductions of the Pavlov, universal hierarchy and rdDym equations that possess differential coverings of the rational form. In the recent paper [8] , using the reduction techniques, we showed that for the two of these reductions (one of them being the Gibbons-Tsarev equation) the Lie algebra of nonlocal symmetries is isomorphic to the Witt algebra
of polynomial vector fields.
In the current paper, we prove similar results for the reduction u yy = u y u xx − (u x + u)u xy + u x u y of the universal hierarchy equation (Section 2) and for the equation u yy = (u x + x)u xy − (u xx + 2)u y , which is a reduction of the rdDym equation (Section 3). Namely, we show that in the first case the algebra of nonlocal symmetries is isomorphic to w ⊕ s 2 , where s 2 is the two-dimensional solvable Lie algebra (Theorem 2.1), while in the second case this algebra is w ⊕ a 1 , where a 1 is the one-dimensional Abelian Lie algebra, see Theorem 3.1.
In Section 1, we introduce the necessary definitions and constructions. Section 4 contains a short discussion of the obtained results.
Differential coverings and nonlocal symmetries
Here we briefly discuss the necessary facts from nonlocal geometry of PDEs. See details in [6, 9] .
Let E ⊂ J ∞ (n, m) be an infinitely prolonged differential equation (or a system of equations) in unknowns u j (x 1 , . . . , x n ), j = 1, . . . , m, embedded to the corresponding infinite jet space. Denote by u j σ jet coordinates and assume that E is defined by a system of relations
Denote by
the total derivatives on E. Let
where D σ is the composition of the total derivatives corresponding to the multi-index σ.
A symmetry of E is an evolutionary vector field
such that ℓ E (ϕ) = 0, where ϕ = (ϕ 1 , . . . , ϕ m ) is a function on E which is called the generating section of the symmetry at hand. Symmetries form an R-Lie algebra with respect to the commutator. This algebra is denoted by sym(E). The commutator of symmetries induces the Jacobi bracket of their generating sections denoted by {· , ·}.
A horizontal (n − 1)-form
is a conservation law of E if it is closed with respect to the horizontal de Rham differential
A conservation law is trivial if ω is an exact form. Two conservation laws are equivalent if their difference is a trivial conservation law. Consider another equationẼ and a locally trivial bundle τ : Denote by F andF the rings of smooth functions on E andẼ, respectively. Then an R-linear derivation S : F →F is a nonlocal shadow if
In particular, local symmetries can be regarded as shadows in any covering. We say that a shadow S lifts to τ if there exists a nonlocal symmetryS such thatS F = S. Lifts of the trivial shadow S = 0 are called invisible symmetries.
Denote by {w β } coordinates in fibers of τ . They are called nonlocal variables. Using these variables, we can write the fieldsD i as
where X β i are smooth functions onẼ, while the fact that τ is a covering amounts to the compatibility of the system
moduloẼ. Then nonlocal τ -symmetries are vector fields
whereẼ ϕ is obtained from (1) by changing D i toD i and ϕ = (ϕ 1 , . . . , ϕ m ), ψ β are functions onẼ that enjoy the systeml
where "tilde" denotes the natural lift of a differential operator in total derivatives from E toẼ. To describe shadows, one must consider Equation (2) only, while invisible symmetries are described by the equationD
be a two-component conservation law of E. Then one can construct the covering τ ω with the nonlocal variables w σ , where σ is a symmetrical multi-index containing the integers 3, . . . , m, and the defining equations
for i ≥ 3. This is the Abelian covering associated with ω; it is one-dimensional for n = 2 and infinite-dimensional otherwise. ′ SHCHIK, O.I. MOROZOV, AND P. VOJČÁK
The universal hierarchy equation
The universal hierarchy equation is of the form
see [10, 11] .
2.1. Lax pair and the associated covering. Equation (4) admits the following Lax pair
Expanding w in powers of λ, w = i∈Z w i λ i , we obtain the infinite-dimensional covering
i ∈ Z, with the additional variables w
that satisfy the relations w
Symmetries and reductions. The space sym(E) is spanned by the functions
where X is a function in x and T is a function in t, while 'prime' denotes the corresponding derivatives.
Lemma 2.1. The symmetry ϕ = υ + θ 0 (1) + ϕ 0 (1) can be lifted to the covering (5).
Proof. Denote the desired lift by
where ϕ = yu y + u + u x + u t , and set
Then the result is obtained by the direct check.
Due to Lemma 2.1, we can consider the reduction of Equation (4) together with its covering (5). The resulting objects will be the equation
and the infinite-dimensional covering
over this equation. Define the coverings τ p by setting q i = 0 for i < p, p ∈ Z. Then, setting q p i = q p+i+1 , we obtain q −1 = 1, q p 0 = −(p − 1)y and
for i ≥ 1. This is an infinite series of nonlocal conservation laws of Equation (4).
Proposition 2.1. All the coverings τ p are pair-wise equivalent.
Before proving the result, consider an auxiliary construction. Namely, introduce the operator
∂ ∂q p i and define the quantities P i,j as follows:
We also assume P p i,j = 0 when at least one of the subscripts is negative. Proof of Proposition 2.1. We shall prove that any τ p is equivalent to τ 0 . Two cases are to be considered.
Case p = 1. Let us set
Then q
Case p = 1. This way of proof does not work for p = 1, but from the defining equations one can easily see that the covering τ 1 coincides with τ 2 .
2.3. Weights. Let us assign to all the local and nonlocal variables the weights
We also set |u x | = |u| − |x|, |u y | = |u| − |y|, etc., and assume that the weight of a monomial is the sum of weights of its factor. The weight of a vector field Z∂/∂z is |Z| − |z|. Then all the constructions under consideration become graded with respect to these weights, while the results (provided they are polynomial) split into homogeneous components. 
for the vector field (9) is a symmetry if and only if
for all i > 2, whereL
are the linearizations of the functions (u x + u)/u y and 1/u y , respectively, lifted to τ p . Direct computations show that the functions
constitute a basis of the space sym(E). In addition, it can be checked that the function Proof. Let us set ϕ
Then it is an easy exercise to check that (10) fulfills. Proof. Direct check. Theorem 2.1. The Lie algebra of nonlocal symmetries for Equation (6) in τ p is isomorphic to the direct sum w ⊕ s 2 , where w is the Witt algebra and s 2 is the two-dimensional solvable algebra. 
where the quantities P p i,j are described by Equations (8).
The rdDym equation
The 3D rdDym equation reads
see [5, 12, 13] .
3.1. Lax pairs and associated coverings. The following system
is a Lax pair for Equation (11) . As above, we consider the expansion w = i∈Z w i λ i and obtain the covering
i ∈ Z, endowed with the additional nonlocal variables w
defines by the relations w
and formally set Q p i,j = 0 when at least one of the subscripts is negative. Let
Then r with the same rules that were described in Subsection 2.3. 
where i > 1. A basis of sym(E) is formed by the functions
where subscripts coincide with weights. In addition, in any covering ρ p there exists a shadow of the form Proof. It immediately follows from Proposition 3.1 and Lemmas 3.2 and 3.3.
We can describe the algebra of nonlocal symmetries for Equation (13) now:
Theorem 3.1. The algebra of nonlocal symmetries of Equation (13) in any covering ρ p is isomorphic to w ⊕ a 1 , where w is the Witt algebra and a 1 is the one-dimensional Abelian Lie algebra.
